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ABSTRACT

The problem of a long one-dimensional adsorbed lattice gas, with an adsorbent molecule at one end that creates a local mean surface excess,
is recast as an example of nanothermodynamics: the surface excess itself (calculated by use of a reference system) can be viewed as a small
thermodynamic system.

The thermodynamics of small systems1 (or nanothermody-
namics) should be useful in analyzing the equilibrium
properties of many nanosystems, experimental and theoreti-
cal. For example, nanothermodynamics was employed
recently in a mean-field cluster model representing the
experimental critical behavior of ferromagnets.2

The thermodynamic functions of a small system1 differ
from those of the corresponding macroscopic system, and
also differ depending on the “environmental” variables of
the small system (e.g., for a single component:N, p, T; µ,
V, T; µ, p, T in conventional thermodynamic notation).

In another recent paper,3 nanothermodynamics was ex-
tended to include metastable supersaturated gaseous states
near the gas-liquid transition point. The “completely open”1

environmental variables for this system are the set of
intensive variablesµ, p, T, which can be independent for a
small system but not for a macroscopic system. In fact, in
this problem (as expected for this kind of environment)µ,
p, andT determine the mean sizeNh of a liquid droplet in
the vapor.

This letter is concerned with a second type of extension
of nanothermodynamics, not included in the original treat-
ment1 in 1963 and 1964. Consider a surface withB adsorbent
molecules, from each of which a chain ofM binding sites
extends vertically.B andM are both very large. TheB chains
are independent of each other. Adsorbate molecules, from a
bath atT andµ, go on and off the sites. There is an interaction
energyw between any two adsorbed molecules on nearest-
neighbor sites of a chain. Also, there is an interaction energy
w′ between an adsorbent molecule and an adsorbed molecule
that occupies the first site of the chain. Thus, each indepen-

dent chain of sites, with fluctuating numbers of adsorbed
molecules, is a so-called one-dimensional lattice gas. How-
ever, usually each chain has excess (or depleted) binding of
molecules on sites near the adsorbent end, depending on the
magnitudes and signs ofw andw′. The mean excess number
of adsorbed molecules per chain, relative to a suitable
reference system (see below) at the sameµ, M, T (andw),
but with no adsorbent molecule present, is denotedNh ex.
BecauseM is very large, certainly neither a chain with
adsorbent at one end nor a reference chain is a small system.
But the excess adsorbed molecules (mean) Nh ex),
appropriately called the Gibbs surface excess, do constitute
a small system.Nh ex is typically of order 1 to 10 or more,
and may be negative.

The above-described system has been studied extensively4

but not from the point of view of small-system thermody-
namics. The objective here is simply to show how to recast
the approach in this work4 into nanothermodynamic form,
without repeating explicit details. Incidentally, the well-
known Brunauer-Emmett-Teller (B.E.T.) theory of the
physical adsorption of a gas on a solid surface can be
understood as a limited special case of the above model.4

A formally similar use of a reference system, but in three
dimensions, was employed in an analysis of the nanother-
modynamics of spherical drops and bubbles (ref 1, section
12-1). This procedure for the droplet problem will be
carefully followed below for the present model.

We begin with a precise specification of the adsorbent
system and of the reference system. Consider a chain ofM
sites (M very large) with an adsorbent molecule at each end
of the chain. Letê(µ,M,T) be the grand partition function
for this system.ê can be evaluated without approximation
by a matrix method.4 Let ê0(µ,M,T) be the exact grand
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partition function for the reference system, which is a closed
circular chain ofM sites (to eliminate end effects).ê0 has
the sameµ, M, T as inê. This reference system is, in fact,
the standard one-dimensional Ising model.ê0 is also found
by a matrix procedure.4 Both ê andê0 depend onM but ê/ê0

is a function ofµ and T only. This quotient refers to the
surface excess at two ends, while (ê/ê0)1/2 is related to the
surface excess at a single end.4 Thus the effective partition
function for a single small system (surface excess) isΥ(µ,T)
) (ê/ê0)1/2. The set of completely open environmental
variables here isµ, T, which is the analogue of the setµ, p,
T mentioned above for another problem.Nhex and other surface
excess thermodynamic functions can be deduced4 from Υ-
(µ,T) (see below).

In the spherical drop or bubble case above, the analogue
of (ê/ê0)1/2 is the quotient of grand partition functions¥′/¥â

in eq 12-16 of ref 1. Here,¥′ relates to the actual system of
interest and¥â to the reference system.

In this spherical drop problem, a single system is com-
prised of a macroscopic sphere of volumeV, filled with
vapor, but with a small liquid droplet of vapor molecules in
the center. This is the analogue of a single long chain ofM
(instead ofV) adsorbing sites with excess binding near the
adsorbent molecule at one end (instead of the droplet). The
reference system in the droplet case is the same vapor inV
but with no droplet at the center. This, in turn, is the analogue
of a reference chain ofM adsorbing sites with no adsorbent
at the end. The respective small systems, after subtracting
out the reference systems, are a droplet and a surface excess
of bound molecules.

The procedure we now follow is to adopt the identical
basic equations of section 12-1, ref 1, term by term, but
we substitute, from ref 4, notation appropriate for the one-
dimensional lattice gas problem. As an aid in following the
argument, the equation numbers used here are first from
section 12-1, ref 1 and then from ref 4.

The reference ensemble ofB chains, each withM
adsorbing sites, has the basic thermodynamic equation

The last term follows because, for the reference system, only
the total number of sites,BM, matters, not the division into
B or M. If we integrate at constantµ, M, T, we obtain, for
the reference ensemble,

The actual ensemble (i.e., with adsorbent present) ofB chains

has

In this ensemble, each chain has a surface excess, near the
adsorbent molecule, that contributes an extra term here,
denoted by-æ (in section 12-1, E replaces-æ). On
integration at constantµ, M, T,

The surface excess functions, for an ensemble ofB chains,
are defined by

Then if we subtract eq 12-4 from eq 12-1 and eq 12-5
from eq 12-2, we find, for B surface excesses (small
systems),

At this point we have connected with the equations of ref 4,
as indicated by the equation numbers used here.

From the grand partition functionsê andê0, it is found4

that, for a single surface excess (small system),

and then,4 using eqs. 22 and 23, for a single surface excess

S/B andE/B for a single surface excess are given in eqs. 28
and 29 of ref 4. This completes the reorganization of this
problem into nanothermodynamic form.1
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dEa ) TdSa - ΦBdM + µdNh a + (-æ - ΦM)dB (12-1)

Ea ) TSa + µNh a + (-æ - ΦM)B (12-2)

E ) Ea - Eg, S) Sa - Sg, Nh exB ) Nh a - Nh g

dE ) TdS+ µd(Nh exB) - ædB [22]

E ) TS+ µNh exB - æB [23]

Nh ex ) kT[∂ln(ê/ê0)
1/2

∂µ ]
T

[4]

æ ) kTln(ê/ê0)
1/2 ) kT ln Y ) -E [26]

dEg ) TdSg - ΦBdM + µdNh g + (-ΦM)dB (12-4)

Eg ) TSg + µNh g + (-ΦM)B (12-5)
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